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Abstract—Flow-induced Molecular Communications are a
promising communication paradigm based on the exchange
of molecule concentrations in a continuous fluid, guided and
directed through microfluidic pipes. An emerging approach to
implement this type of communications is based on discrete (or
droplet-based) microfluidics. It exploits the idea to represent
binary information by encapsulating the signaling molecules
inside droplets which are dispersed in an immiscible fluid and
delivered, through micro pipes, to the destination. The objective
of this work is to study a binary droplet-based microfluidic system
for flow-induced molecular communications from an information
theoretical perspective. To this end, we first show that the binary
discrete microfluidic channel is characterized by memory and
anticipation. Accordingly, we provide a mathematical model
based on a finite-state Markov chain. Finally, we evaluate the
capacity of the binary droplet-based microfluidic channel.

Index Terms—Flow-induced molecular communications,
Droplet-based microfluidics, channel capacity, channel with
memory and anticipation, Markov models.

I. INTRODUCTION

MOLECULAR communications have emerged as an al-

ternative approach to communicate in scenarios where

data transmission through electromagnetic waves is limited

by several constraints [1]. Taking inspiration from biologi-

cal communication processes, small amounts of matter (e.g.

molecules) are used to encode messages and propagate signals

for communications at both nano- and micro-scales [25], [3].

One of the most widely considered mechanisms for molec-

ular communications is based on the so-called diffusion-based
approach [28], where molecules, subject to the Brownian

motion, spread their concentration throughout the available

medium. However, when diffusion in free space is employed

as the mass transport phenomenon, communications suffer

from high levels of attenuation and delay. In order to over-

come these shortcomings, an emerging approach, called Flow-

induced Molecular Communications, has been proposed [4],

[26]. It relies on the flow-based molecular transport, i.e., the
molecules encoding a message are dispersed in a continuous

medium, flowing inside micro pipes which guide and direct

the molecules, thus increasing the efficiency of the propagation

mechanism.

Micro pipes are today used in relevant microfluidic sys-

tems such as Labs-on-a-Chip (LoCs) [29]. The mainstream

approach to microfluidics in general, and to flow-induced
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molecular communications in particular, has been based so far

on the manipulation of continuous flows through micro pipes.

However, in recent years promising opportunities and appli-

cations have been identified which rely on the introduction of

an emerging approach named droplet-based microfluidics [34],

[35] where a sequence of droplets or bubbles (called dispersed
phase) are dispersed into another fluid (called continuous
phase), immiscible with them. Thus, it is possible to bind

molecules inside droplets which can be controlled indepen-

dently of each others, so paving the way to unconventional

communications and computing facilities using droplets in

microfluidic systems [31], [18].

The binary discrete microfluidic channel we study in this

paper is based on discrete (i.e. droplet-based) microfluidics,

and exploits the idea to represent binary information by

encapsulating the signaling molecules inside droplets deliv-

ered, through micro pipes, to the destination. The discrete

approach to molecular communications through microfluidics

has been investigated in [13], [18], [10]. However, in order

to evaluate the molecular communications performance of a

discrete microfluidic system, and exploit its potential practical

applications, a binary discrete microfluidic channel model and

a theoretical analysis of its information capacity are necessary.

From an information theoretical perspective, some re-

searchers have approached the study of the capacity of

diffusion-based molecular communications channels [16],

[24]. In particular, molecular communications in continuous

microfluidics have been investigated in [5], [26], [7], [8], and

the related capacity analysis is presented in [6]. However, so

far there is no work on analytical models and information

capacity analysis of a discrete microfluidic channel for molec-

ular communications, although droplet-based communications

in microfluidic devices have been proposed in [13], [14].

Therefore, in this work a droplet-based microfluidic system

for molecular communications, where binary information is

encoded by encapsulating signaling molecules in a droplet, is

considered and analyzed from an information-theoretic point

of view. Original contributions of this work are manifold.

First, we analyze possible causes of errors and derive a noise
statistical characterization for the microfluidic channel, based

on experimental measurements on linear micro pipes, for

several sections and flow rates.

Then, we introduce a mathematical model of the binary

discrete microfluidic channel. Specifically, we show that in

relevant cases the microfluidic channels are characterized by

memory and anticipation, i.e., for a given current input, the
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current output is statistically depending on the previous history

as well as on future inputs. The uncommon assumption of an-

ticipatory behavior for the system under study is not related to

the use of some prediction mechanism of the future symbols,

as one might legitimately think. It is, instead, related to the

presence of phenomenons involving more than one symbol

in the spatial domain [30], so that the output symbol result-

ing from the spatial interference between a droplet and the

following (that is the future) one may anticipate information

about the symbol associated to the latter droplet. In this paper,

channel memory and anticipation are managed by enclosing

both past and future input symbols in the channel state, as

typically done in the literature on channels with memory [21],

[27].

Finally, we apply the above model to derive an information
capacity analysis of the microfluidic channel. Note that in

information theory the capacity of channels with memory

and anticipation is, as it is said in mathematics, not well-
defined in general. In fact, different definitions of such capacity

are possible leading to different interpretations and numerical

values [17], [24]. Moreover, even if in some specific cases such

capacity is well-defined, calculation of the mutual information

is usually intractable [2], [21]. In order to evaluate the informa-

tion capacity of the droplet-based microfluidic channel, in this

paper we verify that in our case memory and anticipation are

finite, that is, they are related to a finite number of slots. This

occurrence allows us to state that the information capacity is

well-defined for the channel under study [24], and to provide

a closed-form expression of the mutual information rate.

The paper is organized as follows. The addressed droplet-

based microfluidic system for molecular communications is

described in Section II. In Section III, we statistically charac-

terize the noise of the microfluidic channel. The mathematical

model is introduced and applied to derive the channel capacity

in Section IV and V, respectively. Numerical results are intro-

duced in Section VI. Finally, in Section VII, some conclusions

are drawn.

II. SYSTEM DESCRIPTION

Flow-induced Molecular Communications exploit the pos-

sibility of using small amounts of matter (i.e. signaling

molecules) to encode messages and propagate them through

a fluid medium inside microfluidic pipes1. More specifically,

in this work, we focus on Flow-induced Molecular Commu-

nications through droplet-based microfluidics. The schematic

diagram of a droplet-based microfluidic system is shown in

Fig. 1. The Source/Encoder produces the message to be sent

to the destination in the form of binary string. Then the

Molecular Digital Baseband Modulator converts the digital

bit stream into a molecule concentration inside droplets (the

signal), that can be physically transmitted across a Droplet-
based Microfluidic Channel. The latter consists of a linear

1Note that in the microfluidic literature the term channel is used instead of
pipe. In this paper, to avoid confusion, we use the term channel with the same
meaning used in the information theory literature, whereas the term pipe is
used to identify the physical system where droplets flow.

microfluidic pipe2, through which the train of droplets (dis-

persed phase) generated by the molecular digital baseband

modulator flows, dispersed in another fluid (continuous phase)

immiscible with the droplets, to the receiver. Here the Molec-
ular Digital Baseband Demodulator is used to receive the

incoming droplets and to convert the sequence of droplets

into the original digital bit stream encoding the message. The

Decoder/Destination is the recipient of the messages. In the

following we will focus on the Physical System, composed by

the Molecular Digital Baseband Modulator, the Droplet-based

Microfluidic Channel and the Molecular Digital Baseband

Demodulator.
According to the digital bit stream encoding the message,

the Molecular Digital Baseband Modulator generates droplets

of the same size, at a constant droplet rate. At regular time

intervals of duration Tb, two different types of droplets are

generated to encode the bits ’1’ and ’0’. As an example,

the message can be encoded in the presence or absence of

the signaling molecules inside the droplets, in the different

concentration of signaling molecules or in the different types

of signaling molecules associated to the bits ’1’ or ’0’, respec-

tively. Such a sequence of droplets represents the Transmitted
Molecular Signal X in Fig. 1.

The train of droplets is transported by the continuous

phase through the Droplet-based Microfluidic Channel at an

average velocity v, which is assumed to be constant given

that the channel is linear. However, it has been experimentally

observed that the droplet instantaneous velocity varies due to

a number of physical factors, including viscosity of the fluid

phases, pressure fluctuations, irregularity and roughness of the

microfluidic pipes [32], [20]. As a consequence the droplet

inter-arrival time at a generic section of the channel, that is

the time interval between the arrival at the same section of a

pair of droplets, suffers variations as well. In this study, the

variation of the inter-arrival time between pairs of droplets is

envisioned as the noise in the microfluidic channel and may

lead to communication errors, which will be analyzed in detail

in Section III. We will see that such a noise may modify the

sequence of droplets that reaches the receiver, so producing

a Received Molecular Signal Y different from the transmitted

one.
Once the droplets reach the receiver, the Molecular Digital

Baseband Demodulator is used to perform demodulation oper-

ations on the Received Molecular Signal Y. More specifically,

detectors for the chemical content of the droplets have to be

used to reveal the message. As an example, chemi- or bio-

luminescence can be used to decode the message by revealing

the composition of droplets through their combination with

reagents that activate the luminescence phenomenon, as il-

lustrated in Fig. 2. In this way, a train of luminescent and

non-luminescent droplets, or a train of luminescent droplets

of different colors, may be obtained at the receiver where the

message can be revealed through the use of an appropriate

sensing device. Finally, the revealed message can be converted

to a digital bit stream.

2The capacity analysis of a non-linear microfluidic channel, that is a micro
pipe where branches, splitting or section variations are present, is out of the
scope of this paper.
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Fig. 1. Information-theoretic scheme of a droplet-based microfluidic system for molecular communications

Fig. 2. Example of chemi- or bio-luminescence detection

Fig. 3. Distance between droplets

III. NOISE CHARACTERIZATION

The system we are considering in this paper is designed

to send, and then receive, one droplet in each time slot of

duration Tb, and therefore synchronization between the droplet

reception and the detection operations is required. However,

due to a large number of physical factors, including fluid

viscosity, pressure fluctuations, irregularity and roughness of

the microfluidic channels, the droplet inter-arrival time at the

receiver suffers variations that may cause loss of synchro-

nization at the receiver side [32], [20]. Moreover, when the

inter-arrival time between two droplets decreases, obviously

the distance decreases as well, and if the latter becomes

lower than a critical value ΔC (which depends on the radius

of the channel, velocity of motion, surfactant concentration

and type of surface forces, among other physical factors

[12]), droplets interact with each others. As a result of such

interactions, coalescence (i.e. fusion) of droplets may occur,

i.e. two droplets undesirably join into a single one. In this

case, the information associated with the two original droplets

may be lost and the message corrupted.

For these reasons, any variation of the inter-arrival time be-

tween consecutive droplets represents a noise in the microflu-

idic channel connecting a droplet-based information source to

a receiver. Other causes of errors, such as obstruction of the

microfluidic channels as well as deformation and breakup of

the droplets, are possible. However, obstructions are mostly

due to flaws in the fabrication of the microfluidic chip and

dirt left in the channel by the utilized fluids, therefore they

should and, actually, can be avoided. Furthermore, obstructions

would result in a failure of the channel rather than in decrease

of the capacity. As regards droplet deformation and breakup,

they occur when the flow rates are not consistent with the

characteristics of the fluids and the geometry of the system,

i.e., when the system is working outside its safe operating

(a) Irregularity and roughness in the pipe
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Fig. 4. Experimental measurements

region, which can be a priori determined as discussed in

the large body of related literature (see [22] for a review

on the topic). Let us stress that, for all these reasons, the

above causes of errors, although possible in general, are very

unlikely, especially in a linear micro pipe without any branch

or section variation, as actually is the microfluidic channel we

are addressing in this paper. Therefore, we assume that the

variation of the distance between consecutive droplets is the

only cause of errors.

In this section, we statistically characterize the noise of the

droplet-based microfluidic channel starting from experimental

measurements conducted on several micro pipes with multiple

sections and flow rates. In particular, we focus on the inter-

arrival time variation between pairs of consecutive droplets

flowing through a linear micro pipe [15]. In Fig. 4(a) we

show a portion of one of the micro pipes we have used in our

experiments. Such figure gives an idea of the irregularities and

roughnesses characterizing a microfluidic pipe.

Let T be the inter-arrival time of two droplets at a generic

section of the pipe (its value at the generation point is Tb), and
let E = T −Tb. All the cases we have analyzed show that E
can be modeled as a Gaussian random variable with average

μE equal to zero, and variance σ2
E that does not depend on the

distance of the observation point from the droplet generation

point [13].

Let fE(τ) be the probability density function (pdf) of E,
and FE(τ) its cumulative distribution function (cdf). Fig. 4(b)

shows the cdf measured in a micro pipe with a section size of

200x400nm, for different values of the continuous and disperse

flow rates, Qc and Qd , respectively. Fig. 4(c) shows how the

variance of the above Gaussian distribution depends on the

global flow rate in the micro pipe, Qc+Qd .

The experimental measurements have also shown that the
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(a) Time slot zones when TSZ < Tb−ΔC−2LS

(b) Time slot zones when TSZ ≥ Tb−ΔC−2LS

Fig. 5. Graphical representation of time slot zones

difference E can be considered as an additive noise indepen-

dent from the distance Tb of the two droplets at the generation

point. Consequently, the inter-arrival time, T , between two

droplets, in a generic section of the microfluidic channel, can

be described as a Gaussian random variable, T =Tb+E, whose
pdf, fT (t), can be described by the mean value Tb and the

variance σ2
E .

Droplets are expected to be received in the center of the

time slot to be correctly decoded. Let te be the expected arrival

time of a generic droplet, and ta be its actual arrival time. The

difference D = ta − te between the actual and the expected

arrival times can be described as a random variable, whose

pdf, fD(d), can be easily derived from fE(τ). In fact, let us

denote the delay of two consecutive droplets with respect to

their expected position as D1 = ta1 − te1 and D2 = ta2 − te2,
respectively. Note that the difference between the expected

arrival times corresponds to the time interval Tb between the

generation of the two droplets, i.e. te2 − te1 = Tb. Similarly,

the difference between the actual arrival times corresponds to

the inter-arrival time T , i.e. ta2 − ta1 = T . Accordingly, it is
easy to demonstrate that the difference between D2 and D1 is

equal to E. Thus D1 and D2 can be described as independent

random variables whose linear combination is the Gaussian

random variable E. Therefore, the distribution fD(d) of D is a

Gaussian function with average μD equal to zero and variance

σ2
D =

σ2
E
2 .

IV. CHANNEL MODEL

In this section we model the droplet-based microfluidic

channel. The possible input and output droplet types are

represented by the random variables X and Y , respectively.
According to the specific signaling molecules dissolved in

the droplet, the input random variable X takes values in a

binary alphabet X , whose elements are here referred to as A
and B, i.e., X = {A,B}.
In order to define the output alphabet Y where the output

random variable Y takes values, we need to consider the types

of output droplets that may be received. To this purpose let us

observe that, at the input of the channel, droplets are equally

spaced, whereas as droplets flow through the channel, the

distance between consecutive droplets may vary as described

(a) Hidden coalesced droplet: Lcoal < Tb−TSZ

(b) Exposed coalesced droplet: Lcoal > Tb−TSZ

Fig. 6. Coalesced droplet

in Section III, and droplet misplacement inside the time slot

is possible. Let us denote the region around the center of a

time slot within which the droplet can be detected as sensing
zone, SZ, (see Fig. 5), and let TSZ be its length 3. When the

droplet misplacement is such that the droplet moves outside

the sensing zone, the synchronization fails and the droplet will

not be detected, leaving a hole in the sequence of the received

droplets. Moreover, when the distance between two droplets

decreases below the critical value ΔC, droplet coalescence may

occur, so producing a new sequence with different type and

number of droplets.

Therefore, when droplets move away from their expected

position in the center of the time slot, two cases are possible:

• A droplet moves outside the sensing zone and does not

coalesce with an adjacent one: in this case, no droplets

will be detected inside the sensing zone. In order to take

this event into account, the output alphabet Y of received

symbols includes, beyond the symbols A and B of the

input alphabet X , also the symbol /0.
• Two droplets coalesce into a single one: let Lcoal be the

length of the coalesced droplet. For worth of simplicity,

we will assume that the new joined droplet is likely

centered in the boundary between the two original time

slots. So, depending on whether its length Lcoal is greater
or lower than the distance between two consecutive

sensing zones (i.e. Lcoal ≥ Tb−TSZ or Lcoal < Tb−TSZ), re-
spectively, several results are feasible. More specifically:

– Hidden coalesced droplet: When the length Lcoal of
the coalesced droplets is smaller than the distance

between the two sensing zones as in Fig. 6(a),

i.e. Lcoal < Tb − TSZ , the coalesced droplet remains

outside the sensing zones of the two time slots, and

no droplets are detected for the two time slots. This

case has been mapped into the output symbol /0,
which has been included in the output alphabet Y .

3Note that the association of message symbols to droplets that physically
move in the spatial domain, allows to describe the communication through the
discrete microfluidic channel between a sender and a receiver, interchangeably
in the time and spatial domains. Specifically, distances (for example, time slot
length) and time intervals (for example, time slot duration) are proportional
quantities, that is, their ratio is equal to the constant average velocity, v, of the
continuous phase through the channel. For this reason in the paper we will
interchangeably refer to duration and length without distinction. However, for
the sake of consistency, their are always intended to be time interval when
used in the equations.
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– Exposed coalesced droplet: When, on the contrary,

the length Lcoal of the coalesced droplets is greater

than the distance between the two sensing zones, i.e.

Lcoal ≥ Tb−TSZ , the coalesced droplet is detected in

both time slots (see Fig. 6(b)). According to the types

of the two coalescing droplets, different coalesced

droplet types can be produced: in particular, the two

coalescing droplets may be associated either to the

same symbol A or B, or one droplet to the symbol A
and the other one to the symbol B.
In the case both droplets are originally associated

to the same symbol, each portion of the coalesced

droplet detected in each sensing zone would be

interpreted as a single droplet of the same type of the

transmitted one, so the output symbols would be the

same as the input ones. In the case the two droplets

involved in the coalescence event are associated to

different symbols, each portion of the coalesced

droplet detected in each time slot would be different

from any of the input symbols, and therefore, the

two corresponding droplet types remain unidentified.

To represent this case, the additional symbol U is

included in the output alphabet Y .

Therefore, depending on the length of the droplet resulting

from the coalescence, two different output alphabets Y are

defined, i.e. Y = {A,B, /0} and Y = {A,B, /0,U} for the cases of
hidden and exposed coalesced droplets, respectively, as shown

in Fig. 7. Unfortunately, the differences between the two cases

are not only on the output alphabet Y , but also on the different

properties characterizing the related channel models. To give

more insight into the problem, let us discuss the implications

of a coalescence event in the case the length of the coalesced

droplet is either greater or lower than the distance between the

two sensing zones.

In the case Lcoal < Tb−TSZ , if a coalescence event occurs,

the coalesced droplet remains hidden outside the sensing zone.

In this case, the produced output symbol is /0, regardless of

the sequence of input symbols. Therefore, the channel can be

modeled as a memoryless discrete channel, whose capacity

calculation is given by the well known Shannon’s formula

[33]. In Section IV-A, we present the model of the channel in

this case.

Conversely, when Lcoal ≥ Tb − TSZ , as said so far, if two

droplets coalesce in a single one, the output symbols A, B or

U may be produced depending on whether the two coalescing

droplets are both of type A or B, or of different types. Note
that the coalescence event involves droplets associated to two

different time slots; therefore, for these two time slots the

output symbols depend on both the corresponding inputs (i.e.

on the type of the droplet associated to the same time slot).

When we focus on the second of these two time slots, the

related output symbol depends on both the corresponding input

symbol and the previous one. This dependency of the output

on the past input makes the channel with memory. On the

other way around, when we focus on the first of the two

time slots, the related output symbol depends on both the

corresponding input symbol and the next one. This dependency

(a) Exposed coalesced droplet
(Lcoal ≥ Tb−TSZ )

(b) Hidden coalesced droplet
(Lcoal < Tb−TSZ )

Fig. 7. Channel model

of the output on the future input makes the channel with
anticipation. Therefore, in modeling the channel, memory and

anticipation need to be captured. In Section IV-B, we present

the channel model in this case.

To discuss the above two cases, in the following we refer

to the terminology in Fig. 5, where the time slot is subdivided

in several zones which are relevant because the presence of

a droplet (coalesced or not) in each zone determines different

occurrences to be captured in the model.

In particular, we assume that the coalescence between two

droplets occurs in a zone, here referred to as coalescing zone,
CZ, symmetrically placed at the edge of the two respective

time slots. More specifically, for each time slot we consider

two coalescing zones of duration TCZ = ΔC
2 , and we refer to

the coalescing zone on the side of the previous time slot, as

backward coalescing zone, CZB, and to the coalescing zone

on the side of the next time slot, as forward coalescing zone,
CZF .

Depending on the lengths of the sensing and coalescing

zones and the time slot, the sensing and the coalescing zones

may be disjoint or partially overlapped. In the first case

(see Fig. 5(a)), we refer to the zone between the sensing

and the coalescing zones as midway zones MZ (or backward
and forward midway zones, MZB and MZF , respectively, to
identify the side with respect to the center of the time slot,

i.e. towards the previous and the next time slots, respectively).

When, on the contrary, the sensing zone and the coalescing

zones overlap, no midway zones exist. It is the case in Fig. 5(b)

where the backward and forward overlapped zones, OZB and

OZF , respectively, are indicated. In the same figure, we refer to

the non-overlapping part of the sensing and coalescing zones

as ŜZ, ĈZB, and ĈZF .

The overlapped and midway zones are determined by the

length of the droplet with respect to the distance between the

sensing and the coalescing zones. More specifically, let LS be

the droplet length. If the distance between the sensing and

the coalescing zones is greater than the droplet length LS, i.e.,
LS <

Tb−TSZ−ΔC
2 , then we are in the case of Fig. 5(a), where

the backward and forward midway zones MZB and MZF are

present. On the contrary, when the distance between sensing

and coalescing zones is lower than the droplet length, i.e. LS ≥
Tb−TSZ−ΔC

2 , no midway zones can be found and two overlapped

zones, OZB and OZF , are present (see Fig. 5(b)).

Note that the presence of a droplet inside a coalescing zone

is not a sufficient condition for the coalescence to occur. In

fact, the coalescence occurs only if the adjacent coalescing

zones of two consecutive time slots are both occupied by

the corresponding droplets. In the opposite case, we must
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TABLE I
PROBABILITIES OF A DROPLET INSIDE THE TIME SLOT ZONES

pGZ d1 d2

pSZ − TSZ+LS
2

TSZ+LS
2

pCZ
Tb−ΔC−LS

2 +∞

pMZ
∗ TSZ+LS

2
Tb−ΔC−LS

2

pOZ
∗∗ Tb−ΔC−LS

2
TSZ+LS

2

pŜZ
∗∗ − Tb−ΔC−LS

2
Tb−ΔC−LS

2

pĈZ
∗∗ TSZ+LS

2 +∞
∗ only if TSZ < Tb−ΔC−2LS
∗∗ only if TSZ ≥ Tb−ΔC−2LS

distinguish between three sub-cases:

1) coalescing and sensing zones are disjoint (Fig. 5(a)): the

droplet inside the coalescing zone is not detected;

2) coalescing and sensing zones overlap (Fig. 5(b)) and

the droplet is inside the overlapped zone: the droplet is

detected;

3) coalescing and sensing zones overlap (Fig. 5(b)) and the

droplet is outside the overlapped zone: the droplet is not

detected.

In the following, the probability that a droplet is in a generic

zone GZ inside the time slot, when it reaches the receiver or

when it is involved in a coalescence event, is the probability

that the droplet delay D is in the interval (d1,d2), that is:

pGZ =℘(D ∈ (d1,d2))) =

d2∫

d1

fD(θ)dθ =

√
2d2∫

√
2d1

fE(θ)dθ (1)

where the values of d1 and d2, for each zone inside the time

slot, are summarized in Table I.

According to the position of the droplets inside the time

slot, an event that we need to statistically characterize is the

coalescence between two consecutive droplets. As said before,

the coalescence occurs when two consecutive droplets are both

in the coalescing zones between the corresponding time slots.

Therefore, the probability of coalescence pC is given by:

pC = p2CZ (2)

Note that the probability of coalescence for a single droplet,

that we will indicate as p′C, is the probability that such a

given droplet is involved in a coalescence event with anyone

of the adjacent droplets. Therefore, we need to consider the

two disjoint coalescence events (each of them occurring with

probability pC), between the given droplet and the one in the

previous time slot, and between the given droplet and the one

in the next time slot. Accordingly,

p′C = 2pC (3)

Another event that we need to statistically characterize is
the hidden droplet probability pH , which is the probability
that no droplets are detected inside a time slot. In the case
of hidden coalesced droplet (i.e. Lcoal < Tb−TSZ), if sensing
and coalescing zones are disjoint then this probability is given
by the probability that the droplet moves outside the sensing
zone. If sensing and coalescing zones overlap, the droplet is

not detected if it moves outside the sensing zone, or if it moves
in the overlapped zones and is involved in a coalescence event
that produces a hidden coalesced droplet. Instead, in the case
of exposed coalesced droplet, i.e. Lcoal ≥ Tb−TSZ , the droplet
is not detected if it moves outside the sensing zone without
coalescing with the adjacent droplet, or in the midway zone,
if it exists. Therefore:

pH =

{
1− pSZ if TSZ ≤ Tb−ΔC−2LS
2pĈZ +2pOZ(pOZ + pĈZ) otherwise

and

pH =

{
2pMZ +2pCZ(1− pCZ) if TSZ ≤ Tb−ΔC−2LS
2pĈZ(1− pOZ − pĈZ) otherwise

(4)

when Lcoal < Tb−TSZ and Lcoal ≥ Tb−TSZ , respectively.

A. Channel model in the case of hidden coalesced droplet
(Lcoal < Tb−TSZ)

As mentioned before, when a channel error produces coa-

lesced droplets that remain outside the sensing zone (Lcoal <
Tb − TSZ), the channel is memoryless. In fact, the output

symbol received in a given time slot can be either equal to

the transmitted symbol in the same time slot, when no errors

occur in this time slot, or to the symbol /0, in the case the

droplet associated to the time slot moves outside the sensing

zone, regardless of whether it coalesces with an adjacent one.

In other words, even if the coalescence event involves two

droplets belonging to two different time slots, the received

output symbol is /0, regardless of the symbols associated to the

adjacent time slots. So, in this case, the discrete memoryless

channel is characterized by the input and output alphabets

defined so far as X = {A,B} and Y = {A,B, /0}, and a fixed

conditional probability, pY |X (y|x), defined for each symbol x in
the input alphabet X and each symbol y in the output alphabet

Y . In order to evaluate the conditional probability pY |X (y|x),
we will evaluate how the input symbol X = A can evolve

towards each of the possible output ones. Let us consider all

the possible occurrences:

• A→ A: if the symbol A is transmitted and received with

zero errors, it means that the droplet associated to the

transmitted symbol remains inside the sensing zone, in

the case TSZ < Tb−ΔC−2LS, and does not coalesce with

an adjacent droplet when it is the overlapped zone, in

the case TSZ ≥ Tb−ΔC − 2LS. Note that this probability

is complementary to the hidden droplet probability pH ,
defined in (4). Therefore, according to (1) and (4), we

have:

pY |X (A|A) =℘(Y = A|X = A) = 1− pH (5)

• A → B: in the system we are considering, the chemical

composition of the droplets is assumed not to change

inside the channel (Fig. 7(a)). Therefore, we have:

pY |X (B|A) =℘(Y = B|X = A) = 0 (6)

• A → /0: if the symbol /0 is received, it means that no

droplets are present inside the sensing zone. The prob-

ability ℘(Y = /0|X = A) is the hidden droplet probability

pH :
pY |X ( /0|A) =℘(Y = /0|X = A) = pH (7)
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Dual results apply to the case in which the input symbol is

X = B. Summarizing, the conditional probability pY |X (y|x) is:

pY |X (y|x) =

⎧⎪⎨
⎪⎩

1− pH if x= A, y= A
pH if x= A, y= /0
1− pH if x= B, y= B
pH if x= B, y= /0
0 otherwise

(8)

B. Channel model in the case of exposed coalesced droplet
(Lcoal ≥ Tb−TSZ)

When a coalesced droplet is large enough to be sensed

in both the sensing zones (Lcoal ≥ Tb−TSZ), the coalescence

event produces output symbols which depend on the input

symbols associated to both the current time slot and one of

the adjacent ones. The dependency of the output from the input

symbols of the adjacent time slots is not limited to the input

history, but is also extended to the future inputs. Therefore,

as already said, we need to consider a channel model with

memory and anticipation, which is a model that has to capture

the dependency of the output symbols from the past and future

input symbols. Channels with memory are usually dealt with

by using finite-state Markov chains, where the past history of

the input symbols is enclosed in the channel state [30], [27],

[24]. Applying such approach, in this work we manage the

anticipation of the channel, by including future input symbols

in the channel state as well.

So, we describe the channel with finite memory and an-

ticipation with an input sequence x = . . . ,xn+1,xn,xn−1, . . .
4,

an output sequence y = . . . ,yn+1,yn,yn−1, . . . , and a state

sequence s = . . . ,sn+1,sn,sn−1, . . . , where the input and output

symbols xn and yn are a selection from the alphabets X =
{A,B} and Y = {A,B, /0,U}, respectively. As far as the channel
state is concerned, we define a two-dimensional Markov chain,

S(C), whose generic state in the n-th time slot is sn. As

shown in Fig. 8, the S(C) state evolution drives the output

emission process Y. The state of S(C) in the generic n-th time

slot is defined as S(C)(n) =
(

S(Z)(n),S(R)(n)
)
, where S(Z)(n)

represents the movements of three consecutive droplets, and

S(R)(n) represents the three consecutive symbols emitted by

the source. More in depth:

• S(Z)(n) is the state of the Markov chain characterizing

the movements of three consecutive droplets associated

to the (n+1)-th, n-th, and (n−1)-th time slots, respec-

tively. Therefore, it is a vector of three elements, i.e. the

generic value of S(Z)(n) is defined as sZ = (zN ,zC ,zP ),
where each element represents the position of the three

droplets (associated to the next, current and previous

time slots, with respect to the n-th one) inside their

own time slot either at the receiver side or immediately

before the coalescence with an adjacent droplet occurs5.

4Note that, in this paper we will enumerate the sequences of random
variables with decreasing indices. This is coherent with the flow direction
inside the microfluidic pipes, as depicted in Fig. 5, so that the most recently
emitted droplets/symbols appear on the left side with respect to the previously
emitted ones.

5For the sake of tractability, we have assumed that the coalescence between
two droplets may occur in a generic section of the channel, and the new
coalesced droplet remains in the middle of two time slots until it reaches the
receiver.

Each element of the vector takes values in the set

Z = {SZ,MZ2,CZB,CZF} (that is the sensing zone, the

union of the backward and forward midway zones, and

the backward and forward coalescing zones, respectively,

as defined in Section IV), when TSZ < Tb − ΔC − 2LS,
or in the set Z = {ŜZ,OZB,OZF ,ĈZB,ĈZF} (that is, the

non-overlapped sensing zone, the backward and forward

overlapped zones, and the backward and forward coalesc-

ing zones, as defined in Section IV), when TSZ ≥ Tb −
ΔC − 2LS. The matrix element P(Z)

[sZi ,sZ j ]
, representing the

conditional probability of entering the state sZ j , given that

the previous state is sZi , can be calculated by considering

that the movement of a droplet inside its time slot is

independent of the movement of the adjacent droplets.

Therefore, the probability of a transition from the state

sZi in the (n−1)-th time slot, to the state sZ j in the n-th
time slot, is given by:

P(Z)
[sZi ,sZ j ]

= P(Z)
[(zNi

,zCi ,zPi ),(zN j
,zC j ,zP j )]

=

=

{
℘(zN j

= ζ) if zC j = zNi
, zP j = zCi

0 otherwise

(9)

where ζ denotes the generic element of Z. The probability

℘(zN j
= ζ) that a droplet associated to a given time slot

moves into the time slot zone ζ can be calculated as

follows:

℘(zN j
= ζ) =

=

⎧⎪⎨
⎪⎩

pSZ if ζ = SZ
2pMZ if ζ =MZ2

pCZ if ζ =CZB
pCZ if ζ =CZF

and

℘(zN j
= ζ) =

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

pŜZ if ζ = ŜZ
pOZ if ζ = OZB
pOZ if ζ = OZF
pĈZ if ζ = ĈZB
pĈZ if ζ = ĈZF

(10)

when TSZ < Tb − ΔC − 2LS and TSZ ≥ Tb − ΔC − 2LS,
respectively.

• S(R)(n) is a vector of three elements holding the three

consecutive symbols emitted by the source in the (n+1)-
th, n-th, and (n − 1)-th time slots, respectively, i.e.

S(R)(n) = (X(n+1),X(n),X(n−1)). Therefore, S(R)(n)
represents the state in the n-th time slot of the Markov

chain characterizing the source historical emission pro-
cess. The generic value in the n-th time slot is denoted

as:

sRn = (rN ,rC ,rP ) = (xn+1,xn,xn−1) (11)

where rN ,rC , and rP represent the next, current and

previous emitted symbols with respect to the n-th time

slot, respectively.

The emission of the input symbols X is modeled as a sta-

tionary discrete Markov process S(X). More specifically,

the input symbol X(n) emitted by the source in the n-th
time slot is considered as the state S(X)(n) of the source

in that time slot, i.e., S(X)(n) = X(n). For this reason,

in the following we will refer to the process S(X) or X,

without distinction. Consistently, we will interchangeably

denote the related random variable in the n-th time slot

as S(X)(n) or X(n), and the corresponding values as sXn
or xn.
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Fig. 8. Channel Markov model

(a) Source emission
Markov chain

(b) Source historical emission
state transition

(c) Source historical emission Markov chainFig. 9. Markov chains describing the source emission process

The source Markov chain S(X), which is depicted in

Fig. 9(a), is characterized by the conditional probability

P(X)
[sXi ,sX j ]

of entering the state sXj , given that the previous

state was sXi , i.e.:

P(X)
[sXi ,sX j ]

=℘
(
S(X)(n) = sXj |S(X)(n−1) = sXi

)
=

=

⎧⎪⎨
⎪⎩

α if sXi = A, sXj = B
1−α if sXi = A, sXj = A
β if sXi = B, sXj = A
1−β if sXi = B, sXj = B

(12)

The stationary distribution πππ(X) of the process S(X) can be

calculated by solving the linear system πππ(X)P(X) = πππ(X)

with the normalization condition ∑
sXi

πππ(X)
[sXi ]

= 1.

Based on the source emission process S(X), we can build

the source historical emission Markov chain S(R), as

depicted in Fig. 9(c) using the source historical emission

state transitions in Fig. 9(a). It is characterized by the

conditional probability P(R)
[sRi ,sR j ]

of entering the state sRj ,

given that the previous state was sRi , which is defined as:

P(R)
[sRi ,sR j ]

=

{
P(X)
[rNi

,rN j
] if rC j = rNi

, rP j = rCi

0 otherwise
(13)

The two-dimensional Markov chain S(C) =
(

S(Z),S(R)
)

describing the channel is characterized by the conditional

probability P(C)
[sCn−1

,sCn ]
of entering the state sCn , given that the

previous state was sCn−1
, i.e.:

P(C)
[sCn−1

,sCn ]
=℘

(
S(Z)(n) = sZn ,
S(R)(n) = sRn

∣∣∣∣ S(Z)(n−1) = sZn−1
,

S(R)(n−1) = sRn−1

)
=

= P(Z)
[sZn−1

,sZn ]
P(R)
[sRn−1

,sRn ]
(14)

while the stationary distribution πππ(C) is obtained by solving the

linear system πππ(C)P(C) =πππ(C) with the normalization condition

∑
sCi

πππ(C)
[sCi ]

= 1.

The Markov chain S(C) defined so far allows to describe

the output emission process Y, which is driven by the state

evolution of S(C) (see Fig. 8). In particular, the output yn in the

n-th time slot, given the channel state sCn in the same time slot,

is univocally determined. Therefore, the channel is described

by a function g(C,Y )(sCn) of the channel state which associates

to each channel state the corresponding output symbol yn. The
function g(C,Y )(sCn) can be defined as follows:

yn = g(C,Y )(sCn) = g(C,Y )((rN ,rC ,rP ),(zN ,zC ,zP )) =

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

rC if zC = SZ
/0 if zC =MZ2

/0 if zC =CZF , zP 	=CZB
rC if zC =CZF , zP =CZB, rC = rP
U if zC =CZF , zP =CZB, rC 	= rP
/0 if zC =CZB, zN 	=CZF
rC if zC =CZB, zN =CZF , rC = rN
U if zC =CZB, zN =CZF , rC 	= rN

and

yn = g(C,Y )(sCn) = g(C,Y )((rN ,rC ,rP ),(zN ,zC ,zP )) =

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

rC if zC = ŜZ
rC if zC = OZF , zP 	= OZB
rC if zC = OZF , zP = OZB, rC = rP
U if zC = OZF , zP = OZB, rC 	= rP
rC if zC = OZB, zN 	= OZF
rC if zC = OZB, zN = OZF , rC = rN
U if zC = OZB, zN = OZF , rC 	= rN
/0 if zC = ĈZF , zP 	= ĈZB
rC if zC = ĈZF , zP = ĈZB, rC = rP
U if zC = ĈZF , zP = ĈZB, rC 	= rP
/0 if zC = ĈZB, zN 	= ĈZF

rC if zC = ĈZB, zN = ĈZF , rC = rN
U if zC = ĈZB, zN = ĈZF , rC 	= rN

(15)

when TSZ < Tb−ΔC − 2LS and TSZ ≥ Tb−ΔC − 2LS, respec-
tively.

V. CHANNEL CAPACITY

In Section IV we have seen that in the case where Lcoal <
Tb−TSZ , the channel can be modeled as a discrete memoryless

channel, whereas in the opposite case we have a discrete

channel with finite memory and anticipation. In the following

subsections we will calculate the channel capacity for each of

the above cases.
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A. Channel capacity in the case of hidden coalesced droplet
(Lcoal < Tb−TSZ)
As described in Section IV-A, when Lcoal < Tb− TSZ , the

channel is memoryless. In this case, the channel capacity is the

maximum mutual information I between the transmitted signal

X and the received signal Y , taken over all input distributions:

C = max
pX (x)

I(X ;Y ) (16)

where we have indicated with pX (x) the marginal distribution

of the input symbol X [11]. The mutual information between

X and Y is given by:

I(X ;Y ) = H(Y )−H(Y |X) =
=− ∑

y∈Y
pY (y) log pY (y)+ ∑

x∈X
pX (x) ∑

y∈Y
pY |X (y|x) log pY |X (y|x)

(17)

where pY (y) is the marginal distribution function of the output

Y , and pY |X (y|x) is the conditional distribution function of Y
given X6.
Through (16) and (17), the channel capacity can be eval-

uated, given the conditional distribution function pY |X (y|x)
defined in Section IV-A. From (8) we can see that the channel

is a binary-input, ternary-output channel, with the third output

symbol /0 (erasure) representing complete loss of information

about the input symbol. The crossover probability is equal to

zero, while the erasure probability (equal to the hidden droplet

probability pH ) is the same for each input symbol. Such a

channel model corresponds to the well-known binary erasure

channel, whose capacity is:

C = 1− pH (18)

Its maximum is achieved when the input distribution pX (x) is
uniform, i.e., pX (A) = pX (B) = 1/2.

B. Channel capacity in the case of exposed coalesced droplet
(Lcoal ≥ Tb−TSZ)
As described in Section IV, when Lcoal ≥ Tb − TSZ , the

coalescence events involve droplets in adjacent time slots and

make the output symbols dependent on past or future inputs.

Therefore, the channel has memory and anticipation which

are both finite, and limited to one input symbol in the past or

in the future. Channels with finite memory and anticipation

are a particular case of the more general class of channels

with asymptotically decreasing memory and anticipation, for

which the information capacity has been well-defined [30],

[24]. Moreover, it is easy to verify that the Markov chain S(C),

defined in Section IV-B to model the channel, is irreducible

and aperiodic. Therefore, the effects of the initial state wears

off with time [9]. As a consequence, the channel belongs to

the class of the indecomposable finite-state channels and its

capacity is given by:

C = lim
n→∞

max
pXn (xn)

1

n
I(Xn;Yn) (19)

6Since using different bases for the logarithms in (17) results in different
units for the information measurements, to simplify the notation, as usual we
do not specify the base of the logarithm which in this paper is assumed to
be always equal to 2. So we will write log· to mean log2·, and the resulting
unit for the channel capacity is bits per channel use.

where the maximum of the mutual information rate is

taken over all the input distributions pXn(xn) on Xn, and

where Xn = (X(n),X(n−1), . . . ,X(1)) and Yn = (Y(n),Y(n−
1), . . . ,Y(1)) are the sequences of n random variables repre-

senting the emitted and received symbols, respectively. The

mutual information in (19) can be calculated as:

I(Xn;Yn) = H(Xn)−H(Xn|Yn) (20)

where:
H(Xn) = E {− log℘(xn)}
H(Xn|Yn) = E {− log℘(xn|yn)} (21)

The entropy H(Gn) of a sequence of generic random

variables Gn,Gn−1, . . . ,G1, like the ones in (21), is not easy to

evaluate. Additionally, the channel capacity in (19) is defined

in terms of long-term behavior, which means we are interested

in the entropy rate, i.e. the limit for n approaching infinity of
1
nH(Gn). In general there is not certainty that such a limit

exists. However, in [11] it is demonstrated that, when the

stochastic process G is stationary, the above limit exists and

defines the entropy rate of G, hereon referred to as H (G).
Moreover, when G is a stationary Markov chain, the entropy

rate can be calculated as:

H (G) = lim
n→∞

1

n
H(Gn) =−∑

i, j
πππ(G)
[i] P(G)

[i, j] logP(G)
[i, j] (22)

where πππ(G) is the stationary distribution, and P(G) is the

transition probability matrix of the Markov chain.

Referring to (20), if the collections of random variables

Xn, Yn, and (Xn,Yn) form Markov chains, the problem can

be simplified: in this case we could evaluate H(Xn|Yn) as

H(Yn)−H(Xn,Yn), and apply (22) to calculate the entropy

rates of the processes X, Y and (X,Y). For the input process

X this is obviously true, whereas it is not true, in general,

for the output process Y or the joint process (X,Y). So a

natural question to ask is whether they form Markov chains

in the particular case under study. Unfortunately, the answer

is negative, as demonstrated in [19].

Therefore, while the entropy rate of the process X can be

evaluated through the application of (22), we still need to

evaluate the conditional entropy rate of X given Y, H (X|Y).
To this purpose, we will proceed through the following steps:

-Step 1 - We show that the entropy rate H (X|Y) cannot

be expressed in a closed-form, and its computation is made

difficult by the dependency from past output symbols.

-Step 2 - We simplify the problem by modeling the channel

as a cascade of two channels (as depicted in Fig. 10). To

this purpose, we define a temporary output alphabet W , and

show how to modify the model provided in Section IV-B,

accordingly.

-Step 3 - We demonstrate that, for the channel cascade

defined in the previous step, the conditional entropy rates

H (X|Y) and H (X|W) are equal.

-Step 4 - We provide a closed-form expression of the entropy

rate H (X|W) to be used for the evaluation of the channel

capacity in (19).

We will develop the above steps in the following.
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Step 1 - Let us first consider that the limit for n approaching

infinity of 1
nH(Xn|Yn) exists, since the system is stationary

[11], so the entropy rate is well-defined. Therefore, we can

evaluate:

H (X|Y) = lim
n→∞

1

n
H(Xn|Yn)

(a)
= lim

n→∞

1

n

n

∑
i=1

H(Xi|Xi−1,Yi) =

(b)
= lim

n→∞
H(Xn|Xn−1,Yn)(when this limit exists)

(23)

where:

• (a) follows from the application of the entropy chain rule

[11];

• (b) follows from the property of the Cesáro mean [23].

In order to compute the last limit in (23), we now evaluate

the probability ℘(xn|xn−1,yn), by considering all the possible

values of the output symbol yn in the n-th time slot, case by

case:

• yn ∈ {A,B}: in this case, the knowledge of yn allows

to trace the value of the n-th input symbol as xn = yn,
without ambiguity;

• yn = /0: in this case, the knowledge of yn does not give

information about the value of the input symbol xn in the

same time slot. At the same time, the probability of xn
does not depend on any of the past output symbol or input

symbols preceding xn−1, when conditioned by xn−1;

• yn = U : in this case, we need to discriminate between

two different sub-cases according to the values of the

past output symbols yn−1. More specifically, from the

knowledge that the output symbol yn in the n-th time slot

is U , we infer that the droplet associated to the same time

slot has been involved in a coalescence event, and the

two coalescing droplets are of different type. However,

we do not know whether the coalescence involves the

droplet in the (n− 1)-th or (n+ 1)-th time slot. We can

gather this information from the sequence of past output

symbols. Indeed, if yn−1 	=U , then the coalescence event

producing the output value yn =U involves the droplets

in the n-th and (n+ 1)-th time slots. In this case the

probability of xn depends on the value of xn−1, according

to the transition probability matrix P(X). Conversely, if

yn−1 =U and yn−2 	=U , the coalescence event producing

the output values yn = yn−1 =U involves the droplets in

the n-th and (n− 1)-th time slots, and xn 	= xn−1, with

probability equal to 1. Similarly, if yn−2 =U , the odd or

even number of consecutive output symbols equal to U
determines the probability of xn, given xn−1.

Therefore, we have:

℘(xn|xn−1,yn) =

=

⎧⎪⎪⎨
⎪⎪⎩
1 if yn ∈ {A,B}, xn = yn
p(xn|xn−1) if yn = /0
p(xn|xn−1) if ynn−k =U, yn−k−1 	=U, k even
1 if ynn−k =U, yn−k−1 	=U, k odd, xn 	= xn−1

0 otherwise
(24)

Note that the above probability does not depend on past

input symbols preceding xn−1. Conversely, it depends on the

sequence of past output symbols. Unfortunately, this property

Fig. 10. Cascade of two channels

prevents us from evaluating the probability in (24) in closed

form since it is necessary to consider all the possible sequences

of output symbols yn. Additionally, note that numerical com-

putation of the entropy H(Xn|Xn−1,Yn) has to be iterated for

each n, to find the limit, and the convergence may be arbitrarily

slow. Nevertheless, after some manipulation, it is possible to

transform the problem in an equivalent one, as we will do in

Step 2, so that the entropy rate H (X|Y) can be computed

rather easily, as we will do in Step 4. �
Step 2 - To simplify the computation of the entropy rate

H (X|Y), let us note that the dependency of the probability in

(24) on past output symbols is essentially due to the fact that

the output symbol U always appears in pairs, and we need

to discriminate whether it refers to the first or the second

occurrence inside the pair (i.e. even or odd position in a

sequence of consecutive U output symbols). Therefore, a neat

trick we can adopt is to define a temporary output alphabet

W , where the odd or even position of each symbol, in a

sequence of consecutive U symbols, is identified by U1 or

U2, respectively. More specifically, we can imagine to have a

cascade of two channels (as depicted in Fig. 10), where the

alphabet X is the input of the first channel, the alphabet W
is both the output of the first channel and the input of the

second one, and the alphabet Y is the output of the second

channel. Let the alphabet W = {A,B, /0,U1,U2} be such that

wk = yk for yk 	= U , whereas wk ∈ {U1,U2} when yk = U .

More specifically, every time two droplets of different type,

associated to the (k+1)-th and k-th time slots, coalesce in a

single one, so producing the sequence (yk+1,yk) = (U,U), we
associate to the temporary output symbols wk and wk+1 the

values U1 and U2, respectively. Note that the model derived in

Section IV-B applies to the case the considered output alphabet

is W in place of Y , as long as we replace g(C,Y )(sCn) with

g(C,W )(sCn). In particular, g(C,W )(sCn) can be derived from (15)

as follows:

wn = g(C,W )(sCn) = g(C,W )((rN ,rC ,rP ),(zN ,zC ,zP )) =

=

{ U2 if zC =CZF , zP =CZB, rC 	= rP
U1 if zC =CZB, zN =CZF , rC 	= rN
g(C,Y )(sCn) otherwise

and

wn = g(C,W )(sCn) = g(C,W )((rN ,rC ,rP ),(zN ,zC ,zP )) =

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

U2 if zC = OZF , zP = OZB, rC 	= rP
U1 if zC = OZB, zN = OZF , rC 	= rN
U2 if zC = ĈZF , zP = ĈZB, rC 	= rP
U1 if zC = ĈZB, zN = ĈZF , rC 	= rN
g(C,Y )(sCn) otherwise

(25)
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when TSZ < Tb−ΔC − 2LS and TSZ ≥ Tb−ΔC − 2LS, respec-
tively.

It is easy to verify that the probability in (24) in terms of

the temporary output alphabet W can be rewritten as:

℘(xn|xn−1,wn) =

⎧⎪⎪⎨
⎪⎪⎩

1 if wn ∈ {A,B}, xn = wn
p(xn|xn−1) if wn = /0
p(xn|xn−1) if wn =U1
1 if wn =U2, xn 	= xn−1
0 otherwise

(26)

that is, we can write:

℘(xn|xn−1,wn) =℘(xn|xn−1,wn) (27)

Note that ℘(xn|xn−1,wn) can be interpreted as a conditional

transition probability, from the source state X(n− 1) to the

source state X(n), given W(n). In the following, it will be

denoted as P(X |W )
[(xn−1,wn),xn]

, that is:

P(X |W )
[(xn−1,wn),xn]

=℘(xn|xn−1,wn) (28)

�
Step 3 - By modeling the channel as a cascade of two chan-

nels, together with the definition of the temporary alphabet W ,

as done in Step 2, we are able to simplify the computation of

the entropy rate H (X|Y), since we can demonstrate that

I(Xn,Yn) = I(Xn,Wn) (29)

which implies

H (X|Y) = H (X|W) (30)

More specifically, in [11] it has been proved that, for a

cascade of two channels, we can write:

I(Xn;Wn) = I(Xn;Yn)+ I(Xn;Wn|Yn) (31)

where I(Xn;Wn|Yn) = 0 if and only if, conditional on each

yn, the processes Xn and Wn are statistically independent, that

is, if:

℘(xn,wn|yn) =℘(xn|yn)℘(wn|yn) (32)

To verify that (32) is true in our case, note that the first term

can be rewritten as:

℘(xn,wn|yn) =℘(xn|wn,yn)℘(wn|yn) =℘(xn|yn)℘(wn|yn)
(33)

where in the last equality we have removed the dependency

on wn since yn contains the same information as wn, even

if the individual yn gives less information than wn. To better

explain this property, let us recall that the output alphabets Y
and W differ only when the coalescence between droplets of

different type occurs. More specifically, this event produces a

droplet that is detected in two consecutive time slots (let say

the (k+1)-th and the k-th time slots) and remains unidentified

in both of them. This case is represented in the output alphabet

Y by a sequence of two symbols (yk+1,yk) = (U,U), which,
according to the definition of the output alphabet W , corre-

sponds to the sequence (wk+1,wk) = (U2,U1). Therefore, the
single generic symbol wn holds information about the even or

odd occurrence of the symbol U in a sequence of consecutive

U output symbols in the output alphabet Y . This means

that wn contains more information than the corresponding

yn. However, when the whole sequence of past symbols yn
is considered, as in (33), then the count of the number of

consecutive U output symbols in the alphabet Y allows to

determine whether the corresponding symbol in the alphabet

W is U1 or U2. Therefore, the whole sequences yn and wn

hold the same information. This justify the last equality in

(33). �
Step 4 - Through (30), we are able to compute the entropy

rate H (X|Y) by replacing Yn with Wn in (23), and then

considering (26) and (27). We thus obtain:

H (X|W) = lim
n→∞

1

n
H(Xn|Wn) = lim

n→∞
H(Xn|Xn−1,Wn) =

(a)
= lim

n→∞
H(X2|X1,W2) = H(X2|X1,W2)

(34)

where (a) follows from stationarity. The last entropy in (23)

can be calculated as follows:

H(Xn|Xn−1,Wn) =− ∑
xn,xn−1,wn

℘(xn−1,xn,wn) log℘(xn|xn−1,wn) =

=− ∑
xn,xn−1,wn

℘(xn−1)℘(wn|xn−1)℘(xn|xn−1,wn) log℘(xn|xn−1,wn) =

=− ∑
i, j,k

πππ(X)
[i] μμμ

(X ,W )
[i,k] P(X |W )

[(i,k), j] logP(X |W )
[(i,k), j]

(35)

where μμμ(X ,W ) indicates the conditional probability of W(n) in
the n-th time slot, given X(n−1) in the (n−1)-th time slot.

This conditional probability can be calculated as follows:

μμμ(X ,W )
[xn−1,wn]

=℘(wn|xn−1) = ∑
sCn

℘(wn|sCn)℘(sCn |xn−1) (36)

where ℘(wn|sCn) and ℘(sCn |xn−1) are given by:

℘(wn|sCn) =

{
1 if f (C,W )(sCn) = wn
0 otherwise

(37)

and

℘(sCn |xn−1) =℘((rN ,rC ,rP ),(zN ,zC ,zP )|xn−1) =

=

{
πππ(C)

sCn if rP = xn−1

0 otherwise

(38)

�
Now, the evaluation of the entropy rates H (X) and

H (X|Y) through (22) and (34), respectively, allows to cal-

culate the mutual information rate in (19) as:

lim
n→∞

1

n
I(Xn;Yn) = lim

n→∞

1

n
I(Xn;Wn) =

= lim
n→∞

H(Xn)−H(Xn|Wn)

n
=

=−∑
i, j

πππ(X)
[i] P(X)

[i, j] logP(X)
[i, j] + ∑

i, j,k
πππ(X)
[i] μμμ

(X ,W )
[i,k] P(X |W )

[(i,k), j] logP(X |W )
[(i,k), j]

(39)

where the last equality follows from the application of (35) in

(34).
Then, we need to find the maximum of the mutual informa-

tion rate over all the input distributions pXn(xn). Note that any
input distribution is characterized by the probability terms α
and β in (12) (see also Fig. 9(a)); so we can express the mutual
information rate as a function of α and β, and then evaluate its
maximum. To this purpose, by replacing (12), (28) and (36)
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Fig. 11. Numerical solution of the channel
capacity in the case Lcoal ≥ Tb−TSZ

Fig. 12. Channel capacity in the case
Lcoal < Tb−TSZ

Fig. 13. Channel capacity in the case
Lcoal ≥ Tb−TSZ

in (39), it is possible to verify that the mutual information rate
can be written as follows:

lim
n→∞

1

n
I(Xn;Yn) =

= β
α+β (pCα(1−α+β)− (1− pH))(α logα+(1−α) log(1−α))+

+ α
α+β (pCβ(1−β+α)− (1− pH))(β logβ+(1−β) log(1−β))

(40)
Note that in (40), if α and β are interchanged, the function
yields exactly the same results as the original, which means
that the mutual information rate is symmetric. This result
was expected, since the system does not discriminate between
droplets of different types. Therefore, the partial derivatives
needed to maximize (40) with respect to α and β are equal, so
they are both equal to zero when α = β. Then, by replacing β
with α, we obtain a function of a single variable α, as follows:

lim
n→∞

1

n
I(Xn;Yn) = (pCα− (1− pH))(α logα+(1−α) log(1−α))

(41)

In order to find the channel capacity, we need to maximize

the function in (41) over α. Unfortunately, this maximum can-

not be calculated in closed-form. Nevertheless, its numerical

solution is shown in Fig. 11. More specifically, the value of

α which maximizes the mutual information rate, denoted as

αMAX , is shown in Fig. 11(a), as a function of the ratio γ
between (1− pH) and pC, i.e. γ = 1−pH

pC
. The corresponding

value of the mutual information rate, which represents the

channel capacity, is illustrated in Fig. 11(b) for different values

of pC.

VI. NUMERICAL RESULTS

In this section we show how the model derived so far can

be used to choose the design parameters for the droplet-based

microfluidic system proposed in this paper. To this purpose, let

us explicitly observe that in both cases of hidden and exposed

coalesced droplet we are now able, from (18) and (19), to

evaluate the channel capacity as a function of the probabilities

pC and pH . In the following, we provide some examples of

how estimating the value of pC and pH in the specific scenario

of interest and calculate the capacity accordingly.

A. Numerical results in the case of hidden coalesced droplet
(Lcoal < Tb−TSZ)

In Section V-A, we have seen that, in the case of hidden

coalesced droplet, the channel capacity is given by (18).

Fig. 12 shows the channel capacity in bits per channel use and

in kb/s calculated in this case as a function of the time slot

duration Tb, for different values of σE . As expected, for values

of Tb such that TSZ < Tb−ΔC−2LS, the channel capacity does

not depend on the transmission bit rate, which is the inverse

of Tb, whereas in the opposite case, it decreases for increasing

values of Tb. In fact, when TSZ < Tb−ΔC−2LS, that is when
the sensing and the coalescing zones are not overlapped, the

hidden droplet probability is given by the probability to find

the droplets outside the sensing zone, whose size does not

depends on Tb. On the contrary, when the sensing and the

coalescing zones partially overlap, an additional contribution

to the hidden droplet probability is given by the probability of

coalescence inside the sensing zone, since this event produces

a coalesced droplet. This additional contribution decreases as

Tb increases.

Moreover, Fig. 12 shows that, as expected, increasing values

of σE , which imply more relevant droplet misplacement with

respect to its expected position in the center of the time slot,

cause the reduction of the channel capacity.

B. Numerical results in the case of exposed coalesced droplet
(Lcoal ≥ Tb−TSZ)

In the case of exposed coalesced droplet, the channel capac-

ity, which is defined in (19), cannot be calculated in closed-

form. Nevertheless, in Section V-B, the numerical solution has

been provided, as shown is Fig. 11, which can be used to

evaluate the channel capacity according to the values of γ and

pC in the case of interest.

As an example, in a scenario characterized by the param-

eter values LS=100μm, Lcoal=190μm, ΔC=60μm, TSZ=130μm,

Tb=170μm, σE=80μm, through (1), (2) and (4) we derive the

following values: pC=0.1, pH=0.0019 and γ=9.9. Now, from
Fig. 11, we can see that the input probability distribution which
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maximizes the mutual information rate is about 0.48, which

provides a capacity around 0.45.

Let us note that, unlike the case of Lcoal < Tb − TSZ , the
input distribution that maximizes the mutual information is

not characterized by αMAX = 0.5. In particular, αMAX is lower

than 0.5, meaning that the probability to emit, in a given

time slot, the same symbol emitted in the previous slot,

is higher than the probability to emit a different symbol.

Moreover, αMAX decreases when γ decreases, that is when

the probability of coalescence increases. The reason is that,

when a coalescence event involves two droplets of the same

type, the associated input symbols can be decoded through

the corresponding output symbols without uncertainty. On the

contrary, when droplets of different type coalesce in a single

one, there is uncertainty about the emitted input symbols.

Therefore, the sequences with equal consecutive symbols are

more robust to error, than sequences with alternate symbols.

On the other hand, this sort of redundancy reduces the amount

of transmitted information. Thus, the input distribution which

maximizes the mutual information rate is a tradeoff between

the two opposite trends.

Finally, Fig. 13 shows the channel capacity in bits per chan-

nel use and kb/s as a function of Tb, for different values of σE .

VII. CONCLUSIONS

In this paper we have studied a droplet-based microfluidic

system for Flow-induced Molecular Communications from an

information theoretical perspective. We have shown that the

related binary discrete microfluidic channel, in some relevant

cases, is characterized by memory and anticipation. According

to this channel characterization, we have provided a mathemat-

ical model based on a finite-state Markov chain, where the past

and future input symbols are included in the channel state.

We have evaluated the capacity of the binary droplet-based

microfluidic channel and provided a closed-form expression

for the mutual information rate.
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